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Abstract
A boundary element method (BEM) for the solution of a certain class of nonlinear parabolic
initial boundary value problems for a certain class of anisotropic functionally graded media is
derived. The method is then used to obtain numerical values for some particular transient 2-D
heat conduction problems for anisotropic functionally graded materials (FGM).
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In recent years some progress has been made in using the boundary integral equation method
to solve heat conduction problems for homogeneous as well as inhomogeneous isotropic materials
(see for example Kassab and Divo [2]). In the case of anisotropic inhomogeneous media there are
few published works. Sawaf and O¨zisik [3] considered the nonlinear heat conduction problem of
a parabolic equation for homogeneous orthotropic media by using an inverse method. Recently,
Azis and Clements [1] had considered nonlinear transient heat conduction problems for a class of
inhomogeneous anisotropic materials using BEM.
Referred to the Cartesian frame Ox1x2x3 the present paper is concerned with obtaining the solution
of the heat conduction problems governed by the equation
∂
∂xi
[
kij(x, T )
∂T (x, t)
∂xj
]
= ρ(x, T ) c(x, T )
∂T (x, t)
∂t
for i, j = 1, 2, 3, (1)
where T is the temperature, kij are the heat conductivities, ρ is the density, c denotes the heat
capacity, x = (x1, x2, x3), t is the time variable and the repeated suffix summation convention is
employed. A solution to (1) is sought in the domain Ω with boundary Γ which consists of a finite
number of piecewise smooth closed surfaces for time t ≥ 0. In Ω the initial temperature T (x, 0)
is given, on Γ′ the temperature T (x, t) is specified and on Γ′′ the flux PT (x, t) is specified where
Γ = Γ′ ∪ Γ′′, PT = kij(∂T/∂xj)ni and ni denotes the component of the outward pointing vector n
normal to Γ. The heat conductivities kij are assumed to take the form
kij(x, T ) = µij(x)h(T ), µij(x) = κij g(x), κij
∂2g1/2
∂xi∂xj
= 0 (2)
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Figure 1: The geometry and boundary/initial conditions
where h(T ) is an integrable function and κij are constants.
As an example we consider the heat conduction problem governed by (1) for an inhomogeneous
anisotropic material with coefficients
k′ij(x, T ) =
[
3 1
1 4
]
(1 + 0.1x′1)
2, c′(x, T ) =
4.5
T ′
g1/2(x), ρ′(x, T ) = 1
where x′i = xi/d for i = 1, 2, T
′ = T/T0, T0 is a reference temperature, k′ij = kij/k0, k0 is a reference
heat conductivity, c′ = c/c0, c0 is a reference heat capacity, ρ′ = ρ/ρ0, ρ0 is a reference density. The
geometry and initial/boundary conditions are given in Figure 1 where t′ = t/t0, t0 is reference time,
P ′T = PT/P0 and P0 = k0T0/d. This problem admits the temperature and flux solutions
T ′(x, t) =
1− 0.25(x′1 + x′2)2
(1 + t′)(1 + 0.1x′1)
Figure 2 shows a comparison between BEM and analytical T ′ solutions along the line x′2 = 0.5 in
the domain when t′ = 0.1 and t′ = 1.
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